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I. INTRODUCTION
The QCD transition involving chiral symmetry restoration and deconfinement plays a crucial role to understand the behavior of matter created in Relativistic Heavy Ion Collision experiments, such as those at RHIC and LHC. In this context, there have been very significant advances from lattice groups in the study of the phase diagram and other thermodynamic properties [1] [2] [3] [4] [5] [6] . From those analysis, there is a general agreement that chiral symmetry is restored in a crossover transition in the 2+1 flavor case for physical masses at zero baryon density, which becomes a second-order phase transition in the chiral limit of vanishing light quark masses. The transition temperature is about T c ∼ 150 − 160 MeV.
It is important to provide as much theoretical support as possible to these lattice results. From the old days of the O(4) model description of chiral symmetry restoration [7] , there has been a lot of progress in this area. On the one hand, the Hadron Resonance Gas approach describes effectively the system with all free states thermally available [8] , while effective chiral models including explicitly vector and axial-vector resonances have been successful to explain properties such as the dilepton and photon spectra and the ρ − a 1 mixing/degeneration at the chiral transition [9] . On the other hand, studies based on Chiral Perturbation Theory (ChPT) [10, 11] have been able to establish many relevant physical properties of the meson gas. In more detail, the pressure and the chiral restoring behavior of the quark condensate have been obtained up to NNLO [12, 13] , pion spectral properties have been studied in [14] and unitarized interactions have allowed to describe properly thermal resonances and transport coefficients [15] .
In a recent analysis [16] , we have shown that an operator Ward identity between the pseudoscalar susceptibility and the quark condensate allows to understand the scaling of lattice screening masses near T c . Furthermore, the same identity, which we verified in two-flavor ChPT, allows to understand the behavior of chiral partners in the scalar-pseudoscalar sector through degeneration of the corresponding susceptibilities, also seen in lattice data [4, 5] . In that description, the f 0 (500) thermal state plays a crucial role, since it saturates the scalar susceptibility producing a peak compatible with the transition temperature observed in the lattice.
In this work we will study the QCD formal Ward identities that arise between pseudoscalar susceptibilities and quark condensates for three flavors. These identities will be verified in the model-independent framework provided by SU(3) ChPT for the pion and kaon channels and U(3) ChPT for the η − η sector. The latter will actually require to combine the expansion in low energies and temperatures with that in 1/N c , the so-called δ expansion [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , so that the nonet field, the η , can be treated consistently on the same footing as the other eight pseudo-Goldstone bosons. In that way, we will extend our previous SU (2) analysis [16] in a very nontrivial way. On the one hand, we will provide the full N f = 3 set of Ward identities, which involve anomalous contributions. On the other hand, we will generalize the identities obtained originally in [31, 32] in formal QCD and without including the η − η sector, i.e, only for the SU (3) chiral group. Apart from the formal derivation, the explicit verification provided here of those identities in the low-energy and finite-temperature representation of the model-independent ChPT framework, helps to clarify the role of the nonet and of the axial anomaly. We remark that this type of identities have been assumed in the lattice [5] and in other phenomenological works [33] .
An important part of the present work will consist in the extension to three flavors of the study of screening masses performed for two flavors in [16] . We will see that the Ward identities between pseudoscalar susceptibilities and quark condensates allow to understand the behavior with temperature of lattice screening masses in the pion, kaon andss channels, connecting it with chiral symmetry restoration. We will carry out a thorough analysis of lattice results in this context, paying special attention to the definition of subtracted quark condensate operators in the lattice which have the correct scaling and chiral restoration properties.
The plan of the paper is as follows. In section II we will derive the relevant Ward identities for the different channels as arising formally from the QCD generating functional, paying special attention to the anomalous contributions in the η − η sector, as well as to the degenerate limit of equal quark masses. Then, we will compute and verify each identity in ChPT, calculating in turn all the involved pseudoscalar susceptibilities in the sectors π, K and η − η , with a particular emphasis on the latter sector, for which the quark condensates are also derived here for the first time. In section III we will provide a detailed analysis of the implications of these results on lattice screening masses and their behavior near T c , exploring their correlation with chiral symmetry restoration precisely through these Ward identities. Finally, in section IV we will present our conclusions. Explicit ChPT results will be collected in Appendix A.
II. PSEUDO-SCALAR SUSCEPTIBILITIES AND QUARK-CONDENSATES: QCD WARD IDENTITIES AND THEIR LOW-ENERGY REPRESENTATION
We will first proceed to the formal derivation of the relevant Ward identities from QCD. We follow similar steps as in [32] , where analogous identities are considered for Wilson fermions in the degenerate chiral limit, i.e, equal quark masses and condensates, and for the members of the SU (3) octet. We start by writing the expected value of a local operator O(x 1 , · · · , x n ) from the QCD generating functional as:
where G 
with
In Euclidean space-time at finite temperature T , we have i d
. We will start working in Minkowski space-time, performing the rotation to the Euclidean one only for our final expressions so that they can be evaluated at finite temperature.
We consider an infinitesimal local axial transformation on the fermion fields ψ = ψ + δψ,ψ =ψ + δψ, where to O(α):
with λ a /2 the flavor group generators to be specified below. We can now write the expectation value given in (1) in terms of the transformed variables ψ ,ψ , so that linearly in α a we get:
The second term in (4) reads:
with the axial current J aµ A =ψγ µ γ 5 λ a 2 ψ. A particular case of interest for our work is to evaluate (4) for a pseudo-scalar current, O(y) = P b (y) = iψ(y)γ 5 λ b ψ(y), which satisfies:
The generators λ a will be the Pauli matrices for the two-flavor case. For three flavors, λ a will be the Gell-Mann matrices for a = 1, . . . , 8 (octet) and for the nonet we will consider in addition λ 0 = 2/3 1, which together with λ a expand the whole space of 3 × 3 unitary matrices. Thus, for a = 1, . . . , 8, the transformation (3) is not anomalous, so that log J = 0, while for a = 0, we have [34] :
with:
and where we have denoted
Recall that, since the strong coupling constant g scales as 1/ √ N c , the anomaly term is proportional to 1/N c so it vanishes as N c → ∞. In addition, the factor of 3 in the numerator of (8) comes from the trace over flavor space. Note that if we take (4) and (5) with a = 0 and O = 1 (or any other operator invariant under U A (1) transformations), we recover the familiar anomalous equation for the abelian axial current (understood in the sense of expectation values):
with J µ 5 =ψγ 5 γ µ ψ. Therefore, integrating (4) over the whole space-time and changing to the Euclidean, we have:
For all flavor indices a and b, the left-hand side of the above equations will become a combination of quark condensates, while the right-hand side will turn into a combination of zero-momentum euclidean pseudoscalar correlators, i.e., a pseudoscalar susceptibilities, which we define as:
with K ab P (p) the Fourier transform of the Euclidean pseudoscalar correlator K ab P (x − y) = P a (x)P b (y) , and so on for the anomalous susceptibilities:
Once we have established the main setup, we will discuss in detail the different cases of interest, which correspond to the different physical channels, starting from the simplest two-flavor case. In turn, we will verify the obtained identities within the low-energy representation of QCD provided by SU (3) and U (3) ChPT, including finite temperature T corrections at the order considered. All the equations above are formulated so that the extension to finite T can be performed through the corresponding change in the correlation functions. Actually, to the order we are considering here, all temperature corrections will show up through the T -correction to the tadpole function coming from the finite part of the meson propagators at equal space-time points (we follow the same dimensional regularization scheme as in [11] ):
with M 0i the tree-level mass of the meson, F the pion decay constant in the chiral limit and µ the renormalization scale. For the tadpole thermal functions g 1 , which vanish at T = 0, we follow the same notation as in [13] .
A. Two-flavor case
Here, we will reobtain the identity already analyzed in [16] . In SU(2), the generators of the algebra λ a are the Pauli matrices, so that in the isospin limit
a , M} =mλ a and λ a , λ b = 2δ ab and (10) reduces to:
withl = ūu +dd the light quark condensate.
To verify the identity (17) in SU (2) ChPT, we calculate next the χ P by coupling external pseudoscalar sources p a to the ChPT Lagrangian [10] and differentiating it with respect to them. Including finite-temperature corrections we have to NLO (one-loop) [16] :
where M 2 0π = 2B 0m , l r 3 and h r 1 are renormalized scale-dependent low-energy constants (LECs) [10] and the finite-T quark condensate was derived at this order first in [12] . The O(F −2 ) encodes the NNLO corrections. The scale dependence of the LECs above is such that χ ab P (T ) is scale independent. Therefore, the identity (17) holds in SU (2) ChPT up to NLO.
B. Three-flavor case
Let us analyze separately the channels corresponding to the quantum numbers of the π, K and η −η , corresponding to all possible values of a, b in eqs. (10) and (11). As explained above, anomalous contributions will enter naturally in the η − η sector.
, so (10) reads:
which is precisely the relation obtained for the two-flavor case in (17) . Even for three flavors, the light sector identity decouples, i.e, it does not include the strange condensate. Note that in the degenerate SU (3) limit, i.e. for m u = m d = m s = m q (we distinguish it fromm, the light mass in the non-degenerate case), the quark condensates degenerate ūu = d d = ss and the previous expression reduces to:
with ψ ψ = ūu +dd +ss . As we will discuss below, the study of the degenerate limit is of interest since it will allow us to test that the correlators corresponding to the octet members obey the same transformation rule, while the singlet transforms differently. Now, we proceed to the verification of (20) with the representation provided by SU (3) ChPT, which, for the Ward identities involving the octet pseudoscalar correlators, is the most general low-energy framework involving pions, kaons and the octet η 8 . Nevertheless, as we will see below, this formalism will have to be extended to U (3) when evaluating the singlet operator. Hence, we consider the SU (3) chiral Lagrangian up to fourth order in derivatives with an external pseudoscalar source [11] . Similarly to the SU (2) calculation in [16] , we derive the pseudoscalar susceptibility up to NLO (one loop) and prove that the relation (19) is also satisfied, namely:
and H r 2 the renormalized SU (3) LECs [11] , such that the condensates and susceptibilities above are scale independent. The explicit expressions for the SU (3) quark condensates at this order can be found for instance in [35] and [36] for the T = 0 and T = 0 case, respectively.
For a = 4, 5, 6, 7, we have now
Note that the terms above proportional to λ 3 will not contribute in the isospin limit that we are considering here, since ūu = d d . Therefore in this case the relation (10) takes the form:
which in the degenerate case reduces again to (20) as we obtained in the π channel:
Once again, we proceed to the calculation of the pseudoscalar susceptibility in this channel in SU (3) ChPT at NLO and we obtain that the identity (24) holds as well, namely:
where, as in the previous cases, the scale dependence of the LECs is canceled with that in the µ i contributions to render scale-independent results.
and anomaly terms)
The physical mixing of the octet η 8 and singlet η 0 states will show up also in the Ward identities for the corresponding pseudoscalar operators. Therefore, on the one hand, the low-energy representation requires to introduce the singlet field consistently with the low-energy counting, at the same footing as the other pseudo-Goldstone fields. On the other hand, the identities involving the singlet (a = 0) leads to the presence of the U A (1) anomalous jacobian J , as given by (7) and (11) .
Let us then consider first the case a = b = 8, for which we have:
Thus, in this case the relation (10) leads to:
so, as already anticipated, the last term mixes the octet and singlet pseudo-scalar currents.
Recall that the mixing term above is proportional to the differencem − m s , and then in the degenerate case we recover the same relation as for the previous isospin channels:
consistently with the idea that in the SU (3) limit, all members of the octet transform in the same way and the η 8 − η 0 mixing angle vanishes in that limit [23, [27] [28] [29] [30] . Before discussing the low-energy representation of (30), let us now derive the rest of relations in this sector. Let us take now a = 8, b = 0, so the transformation (3) is still not anomalous. Since
the relation (10) reads now:
which in addition to the octet-singlet mixing involves the singlet-singlet correlator. Furthermore, in the degenerate case, (31) implies actually the vanishing of the singlet-octet susceptibility:
We will end this analysis considering the cases where a = 0 and thus, where the jacobian is not zero. We have to use then (11), which in particular for b = 8 and using
leads to:
Note that the matrix element P 0 A is nonzero due to the mixing of the anomaly and the singlet, which have the same quantum numbers. Nevertheless, it vanishes in the N c → ∞ limit, where the anomaly is absent. In addition, P 8 A is different from zero due to the mixing between the octet and singlet currents. However in the degenerate case, the octet-singlet mixing angle is zero and thus, in the exact SU (3) limit or in N c → ∞ limit, the anomaly term in (34) vanishes. Actually, in the degenerate case, using (32), we get from (34):
consistently with our previous comments. Note also that the l.h.s of eqs. (31) and (34) are exactly the same, which implies:
which for N c → ∞ implies:
Finally, considering (11) for b = 0, following the same steps as above and taking into account that 
which in the degenerate case reduces to:
Note that the result above differs from the previous octet isospin channels in (20) , (25), (30), pointing out that the singlet transforms differently than the octet due to its mixing with the U A (1) anomaly. Actually, for N c → ∞ we obtain consistently that all members of the nonet transform in the same way. So far we have obtained four equations for this sector, namely (29), (31), (34) and (37), in term of five pseudo-scalar susceptibilities:
It is easy to check that the rank of this system of equations is 4, which allows to express four of the χ P in terms of only one and combinations of quark condensates.
For completeness, we will also include in the system of equations a relations for χ AA P . This can be done by considering eqs. (4) and (5) with O(y) = A(y) and a = 0 and 8, which gives two additional equations. Since that operator is invariant under any fermion transformation, the first term in (4) vanishes and using our previous results we obtain:
In the degenerate limit, (39) gives χ 8A P = 0, consistently with (35), while (40) reduces to:
Combining now (29), (31), (34) and (37) with (39) and (40), we obtain a system of six equations with rank 5 and six unknowns, whose solution can be written as:
In case we would have not included (39) and (40), we would have obtained the same set of equations (42) but without the last one. These equations, together with those previously obtained in the pion and kaon sectors, namely (19) and (24), constitute some of the more important results of this work. We recall that in previous analyses [31, 32] only results for the octet in the SU(3) limit were discussed.
We remark once more that we have obtained these Ward identities formally within QCD, but they have to be verified with explicit representations of the operators involved, which we are carrying out here using the low-energy representation provided by ChPT. Therefore, it remains to verify equations (42) in that framework. For that purpose, we have to include consistently the η field, which saturates the singlet current. This can be done by considering the U (3) extension of ChPT in the large N c limit [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , since the U A (1) anomaly vanishes and the singlet field η 0 becomes the ninth pseudo-Goldstone boson for N c → ∞. Its mixing with the octet η 8 yields the physical η-η fields. The standard chiral counting in meson masses, energies and temperatures is extended then to include the 1/N c counting, so that generically the expansion is performed in a parameter δ such that
, which suppresses loops, while the counting of the different LECs, according to their O(N c ) trace structure, is given in detail in [25, 30] .
We have calculated all the pseudoscalar susceptibilities involved in this sector, as well as the quark condensates and we have verified the identities (42) [25, 30] , we have also included the anomalous external field θ(x), which couples to the QCD Lagrangian through the term
so that the anomalous change produced by the jacobian (7) is compensated by a change θ(x) → θ(x) − 6β(x) [11, 25] in the QCD effective lagrangian. In this way, the expectation values involving the anomaly, such as those appearing in χ aA P , χ AA P , can be derived as A · · · = −6 δ δθ(x) · · · log Z with Z the Euclidean generating functional. In the effective lagrangian, θ(x) couples through the operator X = log det U + iθ(x) with U the NGB matrix field [25] .
The order we are calculating here requires to consider the effective Lagrangians up to NNLO, namely L 0 δ , L δ , L δ 2 in the notation of [30] , as well as the NLO and NNLO corrections to the self-energies of all meson propagators, including the η and η ones. Recall that those self-energy corrections for the octet fields π, K, η 8 differ from those calculated in SU (3) ChPT due to the η 0 loops. Besides, the η − η mixing angle has to be incorporated at the relevant order. All these ingredients, Lagrangians, self-energies and the mixing angle, are given in detail in the recent work [30] .
These results for pseudoscalar susceptibilities and quark condensates are presented in this work for the first time in the U (3) ChPT framework. Nevertheless, since they are rather long expressions, we collect them in Appendix A. The light and strange quark condensates are given in (A1) and (A2) and χ 8A P in (A3), while the rest of susceptibilities in this sector can be read directly from those results and equations (42) . A very nontrivial check of consistency of our results, apart from them satisfying the Ward identities (42) , is that they remain finite and scale-independent with the renormalization of the U (3) LECs given for instance in [26] . Recall that such LEC renormalization is genuinely different from the standard SU (3) one in [11] due to the appearance of new LECs, as well as the modification of the old ones from η loops, which in particular requires the renormalization of the B 0 constant given also in [26] .
Finally, also for completeness, we have verified that the identities obtained before for the π and K sector, namely (19) and (24), also hold within the U (3) ChPT formalism up to NNLO in the δ expansion, calculating explicitly the modified χ ab P for a, b = 1, . . . , 8. Thus, the quark condensates in the l.h.s. of those equations are modified, as given by (A1) and (A2) in Appendix A, and the χ ab P in the r.h.s. change accordingly so that the Ward identities hold.
III. LATTICE DATA: PSEUDOSCALAR WARD IDENTITIES AND SCALING OF SCREENING MASSES
In this section we will analyze lattice data which support the previous Ward identities that we have obtained in QCD and ChPT for N f = 2 and N f = 3. First, we will comment on recent lattice results which compare directly the pseudoscalar susceptibilities with the corresponding condensate combination. This comparison will provide us with an estimate of the typical lattice errors expected in those identities due to the finite-size effects. Second, we will propose an interpretation of the scaling behavior of lattice screening masses for pion, kaon andss channels based precisely on these identities, hence extending the pion-channel results presented in [16] .
Before going on, let us notice that the lattice results for screening masses that we will analyze here are presented for the π + , K + andss channels. The first two correspond to the identities (19) and (24) respectively (we are assuming isospin symmetry) but the third one is a linear combination of the susceptibilities appearing in (42) . Namely:
which using (42) gives:
Two important features of the above equation will be relevant for our following analysis. First, the light condensate contribution disappears in this combination, which, as we will see, will play an important role in the screening mass description for this channel. Second, unlike the other anomalous contributions in (42), the anomalous term in (45) (45) . However, the determination of the Ward identity for the axial current (4) in the lattice receives a correction which accounts for finite-size effects, corresponding to quadratic divergences in condensates that we will discuss below. These corrections are written in the form of additional compensating axial currents, which in thess channel carry also the anomalous part [37, 38] . On the one hand, neglecting this correction, the deviations of the identity are around a 30-40 % below T c in the light sector (19) and typically less than 10% for thess channel (45) (see Fig.1 in [4] ). On the other hand, the agreement is almost exact in these two channels when the compensating current is included. Thus, we can reinterpret this correction as an estimate of the lattice finite-size effects to the continuum relations, which we will keep in mind for our analysis of screening masses. Actually, for this analysis and in order to avoid quadratic divergences, it will be more meaningful to use subtracted condensates in the lattice instead of the naive continuum expressions. Note that the previously commented suppression of the anomalous contribution in (45) is consistent with these lattice results, since otherwise the lattice deviations in thess channel, which include the anomalous contribution as well as finite-size effects, should be much larger. Finally, let us remind that the identity for the kaon channel (24) has not been checked in the lattice yet. This channel would be of interest since it is the only one mixing the light and strange condensates. Below, we will provide an indirect check of this channel identity through the study of the screening mass scaling. Now, let us explore in more detail the implications of the above relations for the behavior of the light-and strangechannel screening masses in the lattice. Lattice screening masses are defined as the coefficient of the exponential falloff of a correlator at zero frequency and large spatial distances K P ∼ exp(−M sc |z|), corresponding to taking the p = 0 limit as (ω = 0, p → 0). In particular, for the pseudoscalar correlators defined in (12) , the most recent screening mass results in the π + , K + channels are given in [39] , and in [40] for thess one. A prominent feature of those masses, clearly observed in lattice data, is that they grow near the chiral transition. Furthermore, this growing behavior is more pronounced for the π + channel than for the other two and slightly more for the K + channel than for thess one (see e.g. Fig.2c in [39] ). Here, we provide a natural explanation for this behavior in terms of the identities obtained in the previous section. The main idea behind this is that the sudden drop of the light condensatel near the transition would be correlated with the mass growth through
from (19) and so on for the other channels, where as we will see, the corrections due to the strange condensate explain also the observed behavior.
In principle, one would expect the susceptibilities to scale as the inverse of the pole mass squared from a parametrization of the form K
2 , thoroughly used in lattice analysis [41] , with A(T ) = M pole (T )/M sc (T ), being M pole and M sc the pole and screening masses respectively. Thus, χ P (T ) ∼ M pole −2 and the pole mass is understood as the counterpart of the screening mass. The difference between screening and pole masses parametrized by A(T ) comes from the different spatial and temporal dependence of self-energies in the thermal bath. However, lattice analysis do not measure the pole masses, so we must rely on the reasonable assumption of a soft T behavior A(T ) ∼ 1 below T c . This is supported for instance by finite-T ChPT, where those differences show up at the two-loop level and remain small up to temperatures close to the transition [14] . In addition, T -dependent residues can also enter. Actually, in general we should write χ P = N χ / M 2 + Σ T (0, 0) with N χ a T = 0 normalization, M the tree level mass of the correlator and Σ T (ω, p) its T -dependent self-energy. Expanding around p = 0, Σ(ω, p; T ) = Σ T (0, 0) + α(T )ω 2 − β(T )| p| 2 + O(p 4 ) yields the above lattice parametrization with
Therefore, N χ χ −1
The assumption that residues are soft near chiral restoration and that the relevant scaling is governed by the mass contribution, has been followed also in the case of the scalar susceptibility χ S in [16] . In that case, saturating χ S by the dynamical f 0 (500) thermal mass leads to a successful T -behavior, developing a peak close to the lattice prediction for the transition temperature.
• Assuming then that both the residue α(T ) and A(T ) are smooth functions of temperature leads to the following predictions for the scaling of the screening masses in the π and K channels, according to the Ward identities (19) and (24):
For thess channel, we should include also the anomalous part proportional to χ 8A P in (45) , which gives rise to a scaling relation in which quark masses are not canceled. However, as stated above, it is reasonable to neglect the anomalous part as far as critical scaling is concerned, since it is suppressed in the chiral limit and so is observed in lattice data. Thus, we arrive to a simplified version for the scaling in that channel:
Our next step will be to test the above scaling laws with lattice data, within the uncertainties already commented, i.e., due to lattice finite-size effects and our ignorance about the T -dependence of the A(T ) and α(T ) functions. Some qualitative interesting conclusions can already be extracted just by looking at the behavior near the transition of the different condensates involved in the above relations. The light condensate would vanish at the transition (in the chiral limit) and thus, we expect a large growing behavior for M sc π from (46), as it is seen in lattice data. However, the presence of the strange condensate contribution in the kaon channel (47) would prevent it from diverging. Therefore, a softer behavior than in the pion case is expected, as it is also observed in the lattice. Finally, the cancellation of thel contribution in thess channel in (48) explains also why the growth is even slower in that channel.
Let us proceed now to a more quantitative analysis, considering first the pion channel, previously discussed in [16] . In Fig.1 , we show the comparison of the screening masses for this channel taken from [39] (blue squares) and the subtracted light condensate ratio ∆ −1/2 l,s taken from [42] (red dots) and defined as:
Both quantities are computed with the same lattice conditions, i.e. a p4 action with N τ = 6 and m s = 10m. The reason why the strange condensate is subtracted in (49) is the presence of a lattice divergence proportional to m i /a 2 , with a the lattice spacing, in the condensate q i q i . Thus, ∆ l,s (T ) behaves as an order parameter for the chiral symmetry breaking in the lattice [43] in the same way that the light condensatel does in the continuum. Furthermore, as explained above, this is precisely the type of quadratic divergence that requires a compensating axial current in the lattice calculation of the Ward identities. The difference in the continuum between ∆ l,s andl (T )/l (0) is about 15% near T c , estimated from NLO ChPT [16] . Note also that the lattice data in [42] are somewhat outdated, in particular they predict a rather high value for T c 196 MeV. However, as stated before, there have been no updated results for screening masses in this channel with upgraded lattice conditions, as for instance those in [1] [2] [3] [4] [5] . For this reason, we will plot in our figures the results as functions of T /T c , so the effect we are trying to put forward is emphasized independently of the accuracy of the lattice data. In addition, we will only take condensate data for those temperature values for which there are data for screening masses.
The comparison between these two results in Fig.1 shows a clear correlation between them, which supports the scaling law in (46). More precisely, for those points showed in Fig. 1 , the maximum relative difference between M is about 4.3% (third point) and less than 3% for the others, which is highly remarkable, given the expected size of uncertainties mentioned above. Thus, it provides a natural explanation for the growth of the pion screening masses in terms of the quark condensate, despite the various uncertainties involved. In the same figure, we also plot the scaling of the light condensate without the subtraction (green stars). The correlation is worse, as expected from the lattice divergences already discussed; the maximum difference being now about 17% in the last point, and less than 10% for the others. As a matter of fact, to get more insight about this scaling law and the importance of considering subtracted condensates for lattice data, we consider another subtracted lattice order parameter ∆ l (T ) alternative to ∆ l,s in (49), which, following [3] , we define as:
whereref l
is some T = 0 reference value, which in [3] is taken as the value forl in the chiral limit obtained by the MILC collaboration [44] . The above combination is free from the lattice divergences previously commented and behaves as an order parameter similarly to ∆ l,s . The quantity ∆ R l defined in [3] corresponds to the numerator of (50) normalized to ensure renormalization-group invariance. However, since we are considering older lattice results with very different lattice conditions [42] , we cannot take the same value forref l
in [3] . What we do instead is to treatref l
as a fit parameter, minimizing the square sum difference between the data for M sc π (T )/M sc (0) in [39] and ∆ l (T ) −1/2 with the condensate values of [42] . We use for the condensates the dimensionless quantity r 3 1where r 1 0.31 fm defined in lattice analysis to set the physical scale [3, 42, 44] . We show in Fig.1 the results for ∆ −1/2 l (black triangles) with r (560 MeV) 3 , which is high compared to typical T = 0 phenomenological estimates [44, 45] but once again it is more meaningful to compare with the values quoted in [42] for the condensate, namelyl (T = 0) (590 MeV) 3 , which is actually larger thanref l
as it should if we think ofref l
as a typical chiral limit value. The study of the scaling law in the kaon andss channels, (47) and (48) respectively, can be worked out along similar lines. As it happened in the light channel, we expect that a simple comparison with the naive lattice condensates would give a worse correlation. Actually, lattice divergences are proportional to (m + m s )/a 2 and m s /a 2 in the kaon andss channels respectively, hence enhanced by the strange mass. Once more, we consider subtracted condensates to eliminate those lattice divergences and to be able to study more accurately the proposed correlation. From our previous comments, we replace bothl and ss by their subtracted counterparts, so that we define, following the convention in [3] : 
We show the results for these two channels in Figs. 2 and 3 . We have set r for twice the strange condensate in [42] , which are about (730 MeV) 3 . The relative differences between the screening mass ratio and ∆ Fig. 2 are below 3%, while the differences with the direct unsubtracted condensate ratios are about 11% for the last point and below 6% for the rest. As for thess-channel, the differences in Fig. 3 between the screening mass ratio and ∆ −1/2 K are also below 3%, whereas the difference with the unsubtracted values are about 8% for the last point and below 5% for the others.
In addition, following the procedure described in [3] , we also show the results of leaving= 0.776. The corresponding points are showed in Fig. 4 for the three channels, where we also display the results of the previous fit with two free parameters for comparison. The relative deviations in the one-parameter case are below 7%, 10% and 6% in the pion, K andss channel respectively.
Finally, we also explore the strange scaling law (48) with the newer data forss screening masses in [40] and the corresponding condensate data in [3] , both with the same lattice conditions. Namely, a HISQ action, N τ =12 and m s = 20m. The results for the unsubtracted and subtracted condensates are showed in Fig. 5 . As in [3] , we have taken r 3 1 ss ref = 0.166, which corresponds to the chiral limit T = 0 condensate in [44] , i.e, we do not fit it to the squared differences. Even so, we obtain relative deviations below 4%, which highlights again the importance of using proper subtracted condensates in the lattice. The differences with the unsubtracted condensate ratio are now around 13.3% for the last point and less than 10% for the others. (51) and (52) with and the value of r1 0.31 fm used in [42] .
Summarizing the results in this section, we observe a clear correlation of lattice screening masses and properly subtracted lattice condensates, which obey the scaling laws predicted by our results in (46), (47), (48) with less than 5% deviations, becoming higher for unsubtracted condensates due to the presence of lattice divergences. Recall also that in most of the cases analyzed, the largest deviations are around (1 − 1.05)T c where we are possibly surpassing the applicability of our assumptions.
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Comparison between the pseudoscalar screening mass ratio in thess channel and the strange condensate ratios, subtracted and unsubtracted, defined in the main text. The lattice data are taken from [40] (masses) and [3] (condensates) with the same lattice action and resolution and Tc 154 MeV. The values for ∆s(T ) correspond to the definition (52) with r 
IV. CONCLUSIONS
In this work we have explored the relation between QCD quark condensates and pseudoscalar susceptibilities in the light meson sector with three light flavors, as well as their phenomenological consequences in connection with lattice data on meson screening masses.
We have derived formally the QCD Ward identities relating pseudoscalar susceptibilities and quark condensates for the pion, kaon and η − η channels, including the anomalous correlators entering for U A (1) transformations. In order to verify those identities, we have evaluated them in their low-energy representation provided by SU (3) and U (3) Chiral Perturbation Theory. The latter formalism is needed to incorporate consistently the η meson within the joint chiral and 1/N c counting. Within this formalism, we have showed that the identities hold up to NLO in the chiral counting in SU (3) and up to NNLO in the δ-expansion in U (3) ChPT. This is the first order in both formalisms at which temperature corrections enter through the meson loops. The full set of Ward identities for three flavors, the U (3) ChPT quark condensates, as well as the SU (3) and U (3) pseudoscalar susceptibilities in the π, K and η − η sectors, are new results of the present work not given elsewhere.
The second part of our analysis has dealt with the consequences of these identities for the behavior of the screening masses in the pion, kaon andss channels as observed in lattice analysis. Assuming a soft temperature behavior for the pole-screening mass difference, as well as for the residues of the pseudoscalar correlators, these identities predict a temperature scaling of masses related directly to that of quark condensates. Thus, the chiral restoring behavior of the light condensate induces a strong growing of the pion screening mass near the transition temperature, while the screening kaon mass has a softer behavior due to the contribution of the strange condensate. In thess channel, the light condensate contribution cancels and the anomaly term is suppressed, so that the scaling is dominated by the strange condensate, producing an even softer behavior. We have analyzed these scaling laws quantitatively, through a detailed comparison of lattice results for screening masses and for condensates. We have also shown that it is particularly important to choose properly lattice subtracted condensates which behave as the continuum condensates, in order that they follow the mentioned scaling laws, thus avoiding quadratic lattice divergences.
We believe that the present analysis will be helpful to clarify several issues related to chiral symmetry restoration. First, our explicit derivation of all the pseudoscalar-condensate Ward identities involved for three light flavors provides a guideline for future lattice analysis. For instance the kaon channel identity has not been tested directly. Second, our SU (3) and U (3) ChPT analysis gives theoretical support to those identities, opening up also new possibilities, like the study of the U A (1) restoration, which is also a topic of increasing interest in recent lattice analysis [4] [5] [6] . Finally, our scaling law analysis for screening masses helps to understand in a very natural way the temperature behavior in the different channels in connection with chiral restoration.
where c θ ≡ cos θ and s θ ≡ sin θ, θ is the η − η mixing angle (not to be confused with the θ(x) field), M 2 0 is the anomalous part of the η mass, which multiplies X 2 in the lagrangian L δ 0 with X = log det U + iθ(x) and U the NGB matrix field, and the µ i (T ) are defined in (16) . We follow the notation for the LECs in [30] , where the explicit expressions for the tree level M 0η and M 0η and for s θ can also be found. The renormalization conditions for the LECs L i , C i and B 0 are given in [26] .
As for the pseudoscalar susceptibilities in U (3) for the η − η sector, since the expressions are rather long we only provide explicitly here our result for χ 8A P , whereas the explicit expressions for the other susceptibilities involved can be obtained from the light and strange condensates and χ 8A P through the identities (42), once we have verified that they hold as explained in the main text. In this expression, two additional LECs enter, namely Λ 2 and v (2) 2 in the notation of [30] . We get: 
